Assuming that the near horizon geometry of the black hole solution of the gravity dual to the ABJM model, in the presence of a coupling between the Weyl tensor and the field strength, is AdS 2 × S 2 , we compute Sen's entropy function for this theory. By extremizing the entropy function we write a formula for the entropy of the black hole, and then we compute the same entropy using Wald's formula and show that the results are the same. In this way we generalize the calculation of black hole entropy to cases of curvature coupling to the field strength, including at first order, and we also show how to calculate the black hole entropy when the black hole solution is unknown, from just a few simple assumptions about the horizon. *
Introduction
Black hole solutions of supergravity are often times difficult to calculate. But in the context of AdS/CFT, they are very useful, since they determine the thermodynamics (at nonzero temperature) of the field theory dual to the background in which the black hole lives. The question arises then, can one calculate properties of the black hole which depend only on the horizon, without knowing the full solution?
One such example is provided by the attractor mechanism, that says that independent of the values of the fields at infinity, the values of the scalars at the horizon of an extremal (be it supersymmetric or non-supersymmetric) black hole are found from the attractor equations. Those equations can be found from Sen's entropy function formalism [1] (see also [2] ), by extremizing the entropy function. The entropy function at the extremum then gives the entropy of the extremal black hole. For the case of AdS 5 (relevant for the usual AdS/CFT) with higher derivative gravity, the formalism was shown to work in [3] (see also earlier work in [4] ).
Sometimes one does not even know a supergravity description of the background in which the extremal black hole lives. One such example is the gravity dual of the massive deformation [5] (see also [6] ) of the ABJM model [7] , where the gravity dual is only known in an implicit form [8] (see also [9] for an explicit, but un-backreacted dual to massive ABJM). In [10] it was shown that nevertheless we can calculate some things about the near-horizon geometry of the black holes inside this gravity dual, and using the membrane paradigm, we can derive the electric conductivity of the massive ABJM field theory.
The question arises then, can we still calculate the thermodynamics of extremal black hole in these backgrounds? In this paper we answer this question in the affirmative, for the example above, of the gravity dual to the massive ABJM model. Based on the analysis in [10] , a certain supergravity action, with a coupling of the Weyl tensor to the gauge field strengths, can be used to describe the near-horizon geometry, and we can use it to apply the entropy function formalism. But one needs a verification that the entropy function formalism, which to our knowledge has not been used in the presence of such a coupling 1 , still works. 1 Corrections to the entropy coming from higher order terms in the gravity action, going like contractions of the Riemann tensor squared, sometimes multiplied by field strengths, have been considered before. The relevant literature up to 2005 is reviewed in [11] , and the relevant calculations were based on the work in [12] . An application for the entropy function formalism and AdS/CFT was considered in [13] . However, we consider the case of a correction at linear (leading) order in the Riemann tensor, times field strengths. Also, the checks of the entropy function formalism in these works were somewhat implicit (see [14] for instance), in this paper we present more explicit calculations.
It turns out that the verification involves a new application of the Wald entropy formula. Indeed, in the case of the coupling of the curvature (Riemann tensor and its contractions) with gauge field strengths, it is not completely clear that the entropy formula, initially used for gravity with higher order terms in the Riemann tensor alone, can still be used. We find however that we obtain the same result in both formalisms, thus providing evidence for the corectness of both. Note that the case we are considering here, of a term in the Lagrangean with a single Riemann tensor contracted with field strengths, is qualitatively different than the case with higher order corrections in the Riemann tensor, times possible field strengths, since now the gravitational Wald entropy will contain a contribution that is independent of the curvature of space.
The paper is organized as follows. In section 2 we describe Sen's entropy function formalism and the attractor equations, and in section 3 we apply it for the case of the gravity dual to the massive ABJM model. In section 4 we calculate the explicit thermodynamics for a particular case for the charges. In section 5 we compute the entropy through the use of Wald's formula. In section 6 we show how to generalize the analysis to other cases of interest and in section 7 we conclude. Appendix A describes our contraction conventions for the curvature coupling, and in Appendix B we analyze as a toy model the case with curvature coupling, but no scalars.
Entropy function and attractor equations
In order to compute the Sen's entropy function we assume that the spherically symmetric extremal black hole solution has the near horizon geometry given by
where the constants v 1 and v 2 are the AdS 2 radius and the S 2 radius respectively. The scalar and vector fields are constants for this geometry and are written as
where e A and p A are related to the integrals of the magnetic and electric fluxes, which are in turn related to the electric and magnetic charges respectively. The metric (2.1) has the SO(2, 1) × SO(3) symmetry of AdS 2 × S 2 . Define a function f (u s , v i , e A , p A ) as the Lagrangian density √ − det gL evaluated for the near horizon geometry (2.1) and integrated over the angular variables,
We extremize this function with respect to u s , v i and e A by ∂f ∂u s = 0,
where these first two equations are the equations of motion for the scalar and the metric respectively. Next, one defines the entropy function,
The equations that extremize the entropy function are 6) and are called the attractor equations. One can show that, at the extremum, this new function equals the entropy of the black hole
justifying the name.
3 Entropy function for the gravity dual to the massive ABJM model
The 4 dimensional action used to describe the gravity dual of the massively deformed ABJM model [10] is
where T AB ≡ X A δ AB , and A = 0, ..., 7. More precisely, this action can be used for the description of the near-horizon geometry of the black hole in this background, and it arises partly from a reduction of 11 dimensional supergravity down to 4 dimensions, 3 A note on dimensions. With our conventions,
on the AdS 4 × S 7 background, leading to gauged 4 dimensional supergravity. The effect of the nonlinear reduction in string theory down to 4 dimensions was argued in [16] to be encoded (after field redefinitions) into the Weyl coupling to field strength.
One thing is worth noting in this action: we have used a contraction between the Weyl tensor and the field strength that is slightly different from the one used in [16] , namely C µνρσ F A µν F A ρσ , which differs by a factor of 2 from that one. See Appendix A for more details. The quantities of interest for us are the Riemann tensor
and the Weyl tensor, written in components and with indices up for convenience,
The near horizon gauge fields and the potential term of (3.1) can be written as
(3.4) Integrating the Lagrangian over the angular variables we have
Using the definition of the entropy function(2.5) we get
This is the entropy function for the massive dual ABJM model, when the near horizon geometry is given by (2.1), and we can obtain the black hole entropy from it. In order to extremize the entropy function we calculate the attractor equations (2.6),
Using the combination v 1
= 0, and defining in the final expression e A = q A 4π , we find a result that will be useful later
Eliminating Q A through (3.7) from the entropy function we have
Now we use the result (3.10) and the entropy becomes
The potential can be eliminated from this expression by using
where we have defined the constant
Replacing the potential in E we obtain finally the entropy of the black hole
The first term gives the usual relation area/4G, expected from the theory without correction factors depending on the curvature. The second term is an extra factor that arose due to the presence of the Weyl tensor coupling in the action. The above result thus reproduces the usual formula for the entropy when one takes γ = 0. It is worthwhile to notice that, although there may be some symmetry relating the constants q A and p A , the entropy is not written yet in terms of the electric charge of the black hole. In order to obtain that, one would have to solve the equation (3.7) and get as a result the constant q A writen in terms of the electric charge Q A .
We now show how to write the scalar fields X A in terms of the constants q A , p A , v 1 and v 2 . Using the attractor equation for the components of the scalar field, we obtain
which gives
we can write the scalar fields as
Since we have determined the scalar field as a function of the charges we can obtain the potential. We use the relations
to calculate
Then the potential becomes
.
(3.23)
4 Explicit thermodynamics in a special case
We now discuss solutions of the attractor equations, in order to calculate explicitly the thermodynamics of the model. By adding equations (3.8) and (3.9), we find
Using the potential in (3.13), we see that a possible solution is v 1 = v 2 ≡ v, and in this section we will only consider this case.
Obtaining the solution of the equations of motion in the presence of both electric and magnetic charge is quite complicated. For simplicity, we will consider the case that the black hole solution has only electric charge, p A = 0, and also that the gauge fields are all the same, meaning q A = q. We rewrite the equation of motion (3.10), written in terms of the constants α and β, by replacing the X A obtained before in (3.19), i.e.
In this expression, the electric field can be found from (3.7), and it is given by q = 3Qv
Replacing q in eq. (4.2), we obtain
Then we obtain (keeping only the solution of the quadratic equation with the plus sign, the one with the minus giving, for α > 0, a negative v, which is unphysical) 
Next we substitute the solution for v, and get
(4.8) For a small perturbation in α, we obtain
For the extremal black holes considered in this paper, the entropy is nonzero, but the temperature is zero, hence so will the chemical potentials. But the chemical potentials divided by the temperature (µ i /T ) are nonzero, and can be calculated as usual from
where Q i are all the charges of the system. In the special case above, we can calculate µ/T , obtaining
For a small perturbation in α, we obtain to first order
12)
The solutions with v 1 = v 2 are very complicated, due to the third power in the electric field in (3.7), and we don't treat them here. By comparison with the toy model presented in appendix B, we expect that these solutions do not minimize the entropy, so don't need to be considered.
Computation of the entropy by the use of Wald's formula
In the construction of the entropy function [1] , Sen compared his formula with the Wald entropy formula, and showed that, at the extremum, the entropy function was indeed the entropy of the black hole. It is natural then to imagine that the entropy of the black hole calculated by using Wald's formula would agree with the previous result, and we will show that this is indeed the case here.
Wald's formula is given by
where E abcd R is the equation of motion for R abcd , written as
is the binormal to the horizon of the black hole, the integral is taken over the two-surface Σ, and ξ b is a timelike Killing vector normalized such that ξ t ξ t = −1. For the near horizon geometry 2.1 the Killing vector is given by 3) and the binormal by
Wald's formalism was developed to be applied to theories which are invariant under diffeomorphisms, and in order to get unambiguous results we must rewrite the Lagrangian in a form suitable for the computation of the entropy, following the algorithm developed in [17] . Although one in principle needs to follow that algorithm, in general the Lagrangian would not be manifestly gauge invariant anymore.
For theories involving Lagrangians which are also gauge invariant we must have the Lagrangian rewritten also in a manifestly gauge invariant form, and then the result would agree with the result obtained by the computation through other methods. In our case, this is achieved if we keep the Lagrangian in its original form, and apply Wald's formula to it. Using the definition of the Weyl tensor the relevant part of the Lagrangian can be cast as (see eq. (A.3))
Computing the derivative with respect to R abcd and replacing
and
in the Wald formula, we get
The angular integration gives 4π. Replacing the value of the binormal (5.4) and the metric elements we obtain the Wald entropy for the near horizon geometry of the black hole
This result is the same as the one found by using the Sen's entropy function, the first term being the usual relation area/4G and the second one a correction factor proportional to γ.
Generalization
We have seen that in one case, of the gravity dual to the massive ABJM model, with a coupling of the Weyl tensor to the field strength in the action, we can calculate the entropy of extremal black holes in two ways (via the entropy function and via the Wald formula) and obtain the same result, which gives evidence for the correctness of the general procedure used. We can therefore propose that this procedure is also valid in more general cases.
The first step of the procedure was to assume that the extremal black hole has always a near horizon geometry of AdS 2 × S 2 type, or in a general dimension d, of
. This is a very reasonable assumption, based on evidence from many examples and proven in 4 and 5 dimensions. We then need to know the supergravity action that describes this near-horizon geometry. Here one would proceed case by case, but the starting point should be the gauged supergravity action in d dimensions. In general, one would also have curvature couplings to the field strength, through terms like
and more, perhaps involving covariant derivatives of the Riemann tensor. Note that by field redefinitions, one can get rid of two of the above terms, keeping only one [18] , which can be chosen to be either the first, or the combination giving the Weyl tensor contraction.
For such Lagrangeans, which besides diffeomorphism invariance, also have gauge invariance, we can use Wald's entropy formula, generalized to this case. Note that one could in principle rewrite the Lagrangean in different ways through partial integrations, but we first need to write it in a manifestly gauge invariant form, and then we can take the derivative of the Lagrangean with respect to the Riemann tensor and its covariant derivatives, to calculate Wald's formula.
For the entropy function formulation, the generalization is straightforward, since the entropy function is defined from the integral of the Lagrangean as usual. Either of the two formulations, the Wald entropy, or the entropy function, can be used to calculate the extremal black hole entropy.
Note that higher order corrections considered before (see, e.g. [11] for an early review) are at least quadratic in gravity (in the Riemann, or Weyl, tensor), times possible field strengths. But in these cases, the Wald formula (which is the integral of a derivative of L with respect to the Riemann tensor) will give correction terms to the Bekenstein-Hawking area law that still depend on the Riemann tensor, which is the application that Wald had in mind. The corrections we are describing here will give a term in the Wald entropy that is independent of the Riemann tensor, so it was not a priori clear that the same formula would work.
Conclusions
In this paper we have shown how to calculate the entropy of extremal black holes in cases where we don't have an explicit solution for the black hole or its background, and how to use Wald's formula in the cases where the we have couplings of curvature to gauge field strength. The example we have focused on is that of black holes in the gravity dual to the massive ABJM model. The near-horizon geometry is described by a supergravity action that has a coupling of one Weyl tensor to two field strength tensors, for which we can apply both Sen's entropy function formalism and Wald's entropy formula. The application of both in this context is new, and we found agreement, providing evidence for the corectness of the approaches. The approach followed here can be used in more general contexts, and we described the general procedure. We have solved explicitly the attractor equations for the massive ABJM model, and found the thermodynamics in a particular case, p A = 0 and q A = q. 
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A Contraction conventions for the Weyl tensor
Note that using the first Bianchi identity for the Riemann tensor, R µνρσ + R µ]ρσν + R µσνρ = 0, we find that
where in the first equality we have used the Bianchi identity, in the second the symmetry of the Riemann tensor, and in the last the antisymmetry of the field strength. Since in general
we obtain
so we get
We then see that with the new contraction, we need to rescale the coefficient, so
B Toy model
As a simple example of black hole entropy in the presence of field strength coupled to curvature, we consider as a toy model the theory in [16] , with only one gauge field and no scalars, but with the coupling between the Weyl tensor and the field strength, i.e.
where we have set g 4 2 = 1 for simplicity. The geometry adopted is the same as the one adopted throughout the paper. We write the entropy function as
where now we have definedα ≡ (4γL 2 )/3. Also defining P = p/(4π), the attractor equations are
Replacing Q in the entropy function (B.2), we obtain
= 0 we can write the expression
The entropy function in (B.6) can be recast so that the term on the left of this expression can be recognized, and after replacing it by the right hand side the entropy function will be
Now we use the combination v 1
= 0 and write
which allows us to write eq. (B.8) as Replacing the solutions for v and e in the entropy function (B.10), and using P ≡ q/4π to use the same notation as Sen [1] for the sake of comparison, the entropy of the black hole becomes
This is the same entropy found by using Sen's entropy function for the extremal Reissner-Nordstrom solution in [1] , in which case the action was just the EinsteinMaxwell action. Since we have an extra term in the action, which is a coupling between the Weyl tensor and field strengths, we would expect to have obtained corrections for the entropy of the extremal Reissner-Nordstrom black hole, but, as we can see, the corrections for the solution v 1 = v 2 ≡ v, i.e., when the radius of AdS 2 is equal to the one of the S 2 , are zero. However, there are still other solutions that need to be analyzed. For v 1 = v 2 the equations Replacing the common term in the entropy function, the result is
This solution has twice the entropy of the v 1 = v 2 solution (for which E = πv 2 /G), at least forα → 0, hence it does not minimize the entropy function, and needs to be discarded. We expect the same to happen in the case considered in the main text, hence we only consider the v 1 = v 2 case.
